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A note on absorption semigroups and regularity 
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Abstract 

It is shown that, in the theory of absorption semigroups, two possible 
ways of defining regularity for absorption rates are in fact equivalent. 
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Introduction 

The notion of ‘absorption semigroup’ was introduced in [6] in the context of 
absorption rates for positive Co-semigroups acting on Lp-spaces. Let (e, /r) be 
a measure space. Given a positive Co-semigroup T = {T{t))t^o on with 

generator A, the aim was to associate a Co-semigroup with the formal expression 
A — V as generator, for measurable K: G —>• R as general as possible. 

One of the properties turning out to be of importance was the regularity of 
absorption rates K: G —>• [0, oo). On the one hand, it was used to compute the 
generator of the perturbed semigroup in the case p = 1 (cf. P Corollary 4.3(b)]), 
and it was also used to show form properties of Schrodinger operators (cf. P 
Proposition 5.8(b)]). On the other hand, in P Theorem 3.5] a seemingly stronger 
version of regularity was used to show a dominated convergence theorem for 
absorption semigroups. 

It is the purpose of the present note to show that the two versions of regularity 
are in fact equivalent. 

We mention that the concepts sketched above have been treated in more 
generality in P, for absorption semigroups on Banach function lattices, and in P 
Chapter 2], for the case of propagators instead of semigroups. 
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1 Equivalence of two notions of regularity 

Let /z) be a measure space, let p G [l,C)o), and let T be a positive Co- 

semigroup on Lp{p), with generator A. The following notions have been intro¬ 
duced in [6]. 

If V: ^ [0, oo] or V: —> [—oo,0], then V is called T-admissible if V is 

locally measurable, 

Tvit) := s-lime*(^-(^^")''(-'^)) (1.1) 

n—^oo 

exists for all t ^ 0, and Ty thus dehned constitutes a Co-semigroup. We note 
that then the convergence stated in fll.ll) is uniform for t in bounded subsets 
of [0, cxd), in short expressed as Ty = s-lim„_j.oo T’(yAn)v(-n)• The generator of Ty 
will be denoted by Ay. 

For an absorption rate V: hi —>• [0, oo] we recall two notions of regularity: V 
is called T-regular if V is T-admissible and 

Toy := s-limTey = T. 

£ —^ 0 + 

V is called strongly T-regular if V is T-admissible and 

{Tv)-v = s-lim Ty-i/An = T. 

n—>-oo 

(The hrst equality in the previous line is always valid; this follows from |6] Lem¬ 
ma 2.4].) Regularity was defined in [SI Dehnition 2.12]. Strong regularity was 
dehned in [Tj Dehnition 3.1] (under the notion ‘regular’); we adopt the terminol¬ 
ogy ‘strongly regular’ from [21 Dehnition 2.3]. The following result shows that 
the above two notions are equivalent. 

1.1 Theorem, (cf. Satz 4-1.54]) Let R: D ^ [0, oo] he T-admissible. Then 

Toy = {Ty)-y- 

In particular, V is T-regular if and only if V is strongly T-regular. 

Proof. Let 0 < £ ^ 1. Then eV = eiV /\n) -\- e{V — V An) ^en-\-V — VAn 
for all n G N, and this implies T^y ^ T^n-ev-VAn = ^~^^'Ty_y/^n] recall [6l 
Remark 2.1(a)]. Taking hrst £ —?• 0 and then n -A oo, we obtain Toy ^ {Ty)_y. 

In order to show the reverse inequality we note that T ^ {Ty )_y ^ Ty implies 
strong continuity of {Ty)_y; so —V is Ty-admissible. From [2 Proposition 3.3(b)] 
we therefore conclude that V is strongly Ty-regular. Then [2 Proposition 3.3(a)] 
implies that all positive multiples of V are strongly Ty-regular. The application 
of this fact with eV instead of V shows that V is strongly T^y-regular for all 
e > 0. From [7[ Proposition 1.3(a)] it follows that 

(Tey)y-yAn ^ Ty_yAn, 
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and taking n —)■ oo in this inequality we infer T^y ^ s-lini„_j.oo TV-i/An = (Tv)-v, 
for all e > 0. Letting e —>• 0 we obtain T^y ^ (Ty)_y. 

The last assertion of the theorem is a conseqnence of the previons eqnality 
and the very dehnitions of regnlarity and strong regnlarity. □ 

1.2 Remark. In [6] and [7], the notions of admissibility and regnlarity have only 

been considered for absorption rates V taking their valnes in M. It was observed 
in [1] that it is more appropriate to allow for extended real-valned absorption 
rates V. It was shown in [H Proposition 4.4] that for a T-admissible absorption 

rate : hi [0, oo] the set [V = oo] is a local nnll set. Also, it can be shown as in 

[7J Proposition 3.3(b)] that for a T-admissible absorption rate F: hi —)■ [—oo,0] 
the absorption rate —V is T-admissible, and therefore [V = —oo] is a local nnll 
set. 

In view of these observations, for an extended positive or negative T-admissible 
absorption rate 1/: hi —>• [—oo, oo] one can always replace V by an eqnivalent 

absorption rate taking its valnes in M, and therefore the resnlts of 0 . 0 are 

applicable. 

We conclude the paper by showing that - in a certain sense - the hypothesis of 
T-admissibility in the dehnition of regularity is redundant; see Theorem 11.31 and 
Remark If.41 below. In order to make this precise we have to extend the dehnition 
of Ty to arbitrary locally measurable V: hi —)■ [0, oo]. Indeed, the limit 

Ty(t) :=s-hme*(^-^''") 

n—>-oo 

exists for all f ^ 0 (recall [HI Remark 2.1(c)]), and Ty thus dehned is a one- 
parameter semigroup. It was shown in [U Corollary 3.3] that then P := 
s-hmi^o+7y(t) exists and is a band projection. This implies that there exists 
a decomposition ix = fii + fi 2 with fxi T p ,2 (‘T’ meaning ‘locally disjoint’) such 
that R{P) = Lp{ixi). (We refer to [5] for this description of projection bands in 
Lp{fi).) It follows that the restriction of Ty to Tp(/ii) exists and is a (Pq- semigroup. 

By (Ty)_y we denote the Co-semigroup obtained from by apply¬ 

ing —V as a perturbation. (Note that —V is Ty|^^(^^)-admissible because 
Ty/^rn-VAn ^ T for all m ^ 77, ^ 0.) We also extend {Ty)_y{t) to Lp{ix) as 
J(Tv) _y{t)P, for t > 0, where J denotes the injection of the band R{P) = Tp(/ii) 
into Lp{^). 

1.3 Theorem. Let V: fl —>• [0, oo] be locally measurable, and assume that 
iTy)_y{t) = T{t) for all t > 0. 

Then V is T-admissible. 

Proof. The hypothesis implies P = s-hm4^o+(7V)-y(f) = s-hmj^o+7’(t) = I. 
Therefore Ty is a Co-semigroup on Tp(/x). □ 
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1.4 Remark. Assuming solely that y : 12 — )■ [0, oo] is locally measurable, one can 
show pretty much as in the proof of Theorem ll.ll that (ry)_y(f) = s-hme^o+^eu(^) 
for all t > 0. We mention that in the course of this proof one also obtains 
s-limi^o+ Tevit) = P for all e G (0,1]. 
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